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Abstract. Impedance characterization of Interconnects and
intentional Inductors in the broad frequency domain that extends from
near DC to 100’s of GHz in integrated circuits is full of unachieved goals.
Existing computational methods are near the end of their usefulness, since
accurate characterization of the Impedance matrix Z(ω) at high-frequencies
with existing methods can only be applied to small structures. We present
a computationally inexpensive approach that extends the ability for accurate
characterization to problem sizes that are between one and two orders of magnitude larger, opening the door to the validation of high frequency wireless
circuits in terms of real time simulation, rather than the less desirable alternative of validation by manufacturing and testing. The starting point in our
approach is an integral representation of the Green’s function for the magnetic vector potential in classical Electromagnetic theory. The intermediate
computation involves a least-square fit to reflection coeﬃcients in terms of
linear combinations of complex exponentials, so as to render integrable the
coordinate space representation of the Green’s function. The end result is an
analytical description of derivative quantities, including the matrix elements of
the serial Impedance matrix of the interconnect configuration, for all frequencies of interest. We study the problem in two and three dimensions. Among
the alternative least square fits, we found that those utilizing VARPRO in the
complex domain - an extension of VARPRO created specifically to attack this
problem - give the best results. The levels of accuracy (errors less than 3%)
and eﬃciency (better than an order of magnitude lower computational cost
than existing methods) have a major impact on nano-electronic circuit design.

Keywords: High-frequency impedance matrix; VLSI interconnects; VLSI inductors; multi-layer substrate; high-frequency wireless circuits; real time simulation;
complex exponentials
9.1. Introduction
Very large-scale integrated circuit (VLSI) chips form a complex network of wires
(typically Copper) laid out over several metal layers (10 to 14 layers in modern technologies), stacked to a thickness of about 5 to 10 micrometers (µm). The wires lie
above the transistors which are themselves implanted on top of a substrate (Silicon) several hundred µm thick. Billions of these wires, called interconnects, provide
connectivity between the transistors and ensure circuit functionality at all levels.
The lower metal layers are occupied by wires with small cross-sectional area and
are used for short connections spanning µm distances between nearby transistors called "local" interconnects. The delay of these wires is dominated by resistance,
R, and capacitance, C (forming R-C diﬀusion networks) - while dynamic electromagnetic eﬀects are negligible. The top metal layers are used to connect distant
components on the chip with "global" interconnects, often spanning mm distances.
Since they incur comparatively large delays, these interconnects have larger crosssections to ensure lower resistance. However, the appreciable inductance (L) makes
the impedance (Z) a function of frequency (ω): Z = R + jωL, where both R and
L are functions of frequency beyond a certain threshold. Hence, as the frequency
grows, electromagnetic eﬀects become important for computing the propagation
delay and noise of these interconnects, and a single complex scalar for each wire
segment must be replaced by a complex impedance matrix for an entire chip.
Unprecedented levels of integration in semiconductor technology have enabled
complex digital circuits containing billions of transistors to co-exist on the same chip
with sensitive analog circuits operating at mm-wavelengths [2]. In the early days
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of integrated circuit (IC) technology, the physics of interconnects could be ignored,
since their influence on circuit timing (delay) was negligible compared to transistor
delay (which itself was orders of magnitude larger than that of today’s transistors). Coupling noise due to signals on other wires was also a negligible concern.
Since then, while transistor delay has shrunk due to the benefits of progressively
decreasing feature sizes (from several micrometers to a few 10s of nanometers), interconnects have come to play a much more significant role in determining overall
circuit timing and functionality [15]. Today, with 20 nm feature sizes on a chip, the
propagation time of signals over 1 mm distances is significantly slower than the transition time of a logical switch [2], while noise propagation among nearby wires can
lead to chip failures. As a result, the physics of signal propagation on interconnects
in a complex semiconductor chip has become a subject of deep concern. The most
important application domains sensitive to signal propagation on interconnects are
those of inductor design with applications in radio receivers and communications
chips, as well as timing-critical signal lines in high-performance digital microprocessors. In the frequency domain, the region of interest extends from near zero up
to hundreds of GHz for both analog wireless and high-performance microprocessor
design.1
The physics of signal propagation on wires falls within the combined domain of
electromagnetism and the constitutive equations of electron propagation on metals
(Ohm’s law in the frequency domain) and dielectrics (wave propagation in lossy
media). The fundamental equations are well understood. The complexity and associated computational cost, on the other hand, is prohibitively large for chip-level
solutions due to three underlying reasons: (i) the large number of wires and inductors, (ii) the multi-layered nature of both the dielectric media and the substrate
profile where these phenomena take place, and (iii) the interval of wavelengths where
these phenomena are to be accounted for includes (at the lower end) wavelengths
of the same order as the longitudinal dimensions of the wires. This is the domain
in which most approximations (short or long wave) fail. In this frequency domain,
several physical phenomena are manifest - the conductor skin eﬀect, proximity effects between conductors, and substrate eddy current eﬀects. Together they impact
the current distribution and, through Ohm’s law, the macroscopic Impedance and
Admittance matrices that are used to represent the interconnect.
In the regime where signal propagation wavelengths are larger than chip dimensions, electromagnetic eﬀects have no measurable consequences and simple treatments of interconnect as distributed resistance-capacitance (R-C) networks suﬃce.
There is a body of work [11], [22], [18], that discusses appropriate numerical methods for wavelengths between 1 − 10cm where currents are uniform inside the wires.
For wavelengths between 1 − 10mm, currents cease to be uniform due to a limited
� inside the conductors. Under these conditions,
penetration of the magnetic field B
the computational expense of these numerical methods increases rapidly with decreasing wavelength, and new approaches have been developed [9], eventually leading to eﬃcient analytical methods [21]. As the wavelengths become smaller than

1 The maximum frequency of signal propagation on interconnects is much larger than the
more familiar "clock" frequency. It is inversely proportional to the rise time of the signal driven
by the fastest transistor feeding the interconnect.
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Figure 9.1.1. Schematic showing interconnect current loops over
a layered substrate. Three typical substrate profiles in VLSI are
shown with the range of resistivity (ρ = σ1 Ohm-cm) values, and
the corresponding skin depth - the depth of penetration
of elec�
tromagnetic fields in the medium, given by δ = 2/(ωµσ) - at 50
GHz.

2mm, the Silicon substrate media presents a path for current circulation that cannot be ignored, further exacerbating the challenge of computing the Impedance and
Admittance matrices.
In this work, we discuss the consequences of including the substrate eﬀects in
the computation of the impedance matrix while still maintaining analytical solutions [25], [23]. The overall result is a uniform treatment from infinite wavelengths
down to wavelengths comparable to the longitudinal dimensions of the interconnects. Due to lack of space, we give only a brief background of the physics in our
approach, concentrating instead on the approximations to the Green’s function formulation for the Magnetic Vector Potential of the magnetic field, in the presence
of a multi-layered substrate. In particular, we show that the ability to use a linear combination of complex exponentials to approximate the reflection coeﬃcients
appearing in the spectral representation of the Green’s function, leads to analytical expressions for the Green’s function in coordinate space. Furthermore, we find
that subsequent manipulations involving multi-dimensional (four to six) integrals
involving the Green’s function to extract the Impedance matrices can also be carried out analytically by using the initial approximation. The resulting Impedance
matrices have less than 3% error when the complex exponential approximations
are obtained using a complex extension of VARPRO (discussed in Chapter 1). Alternative methods do not lead to the same level of accuracy [25], especially for
3D problems [23]. Specialized 3D full electromagnetic field solvers [1] at the same
level of accuracy are computationally expensive and do not permit us to scale the
problem space beyond very simple structures. The computability and accuracy of
our approximation method is made possible in part by the presence of accurate and
smooth fits with VARPRO using complex coeﬃcients.
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9.2. Green’s function computations
In digital integrated circuits, the interconnects are laid out along Cartesian
directions (x̂ − ŷ) on the diﬀerent metal layers. Each metal layer has interconnects running along one direction only (x̂ or ŷ), with those on adjacent layers
being orthogonal to each other (called Manhattan geometry), and vertical links
(called vias) connecting them where needed. The number of wires in a modern
high-performance microprocessor chip can be as large as 1010 , and the space of
possible routes in three dimensions for these wires is quite large. It is necessary to
identify the much smaller set of wires whose propagation delay and voltage noise
can impair the functionality of the chip as a whole, and to do so we accurately
compute their impedance parameters. On-chip interconnects in analog circuits do
not always conform to Manhattan geometry and may have arbitrary orientation.
This complicates the electromagnetic interaction at the lowest level, since it is computationally a much simpler problem to compute the capacitance and inductance of
wires constrained along Cartesian directions. Moreover, while the number of circuit
components (and hence, the number of wires) in analog designs is several orders
of magnitude smaller than that in digital designs, the desired level of accuracy for
impedance calculation of these wires is an order of magnitude higher. As much as
10% error in the electromagnetic parameters for critical wires may be acceptable
in digital applications, while an order of magnitude better precision is demanded
for passive inductors and transformers used in wireless analog designs. Increasingly
common "mixed-signal" designs - digital circuits with several analog components
included on the same chip - represent the most demanding scenario in terms of
computational complexity, combining the large size of digital designs with the need
for high accuracy in sensitive analog circuits.
We are interested in divergence free electromagnetic currents in the interconnects, such that:
� · J� = 0
� · J� = −jωq

in the conductor volume
on each conductor surface

(9.1)

where J is the current density, ω = 2πf is the signal frequency, and q is the charge
density on the conductor surface. The relaxation time (τ ) for free charges in Copper
[6]:
τ = �/σ = O(10−18 )seconds,
(9.2)
is much smaller than the time constants at the maximum signal frequency f <
200GHz, allowing us to neglect the eﬀect of displacement currents inside the conductors.
A signal wire segment carrying rectilinear one-dimensional currents, and one or
more nearby parallel power/ground wire segments capacitively coupled to the signal wire, together form our basic representation for a closed current loop. The
power/ground wire segments share the current flowing through the signal wire
among themselves in a direction opposite to that of the signal current, and are
referred to as carriers of the return current, or simply return paths. In terms of
the electric circuit for the closed current loop, the signal wire is represented by
an impedance in series with the parallel combination of the impedances of all its
return paths. The capacitors that couple the return paths to the signal wire can be
computed separately with a field solver from the geometric data representing the
wires. The collection of an interconnect and its return paths is partitioned along
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Figure 9.2.1. A VLSI interconnect with linear segments ABBC-CD flanked by ground wires which oﬀer return paths. Segmentation of the interconnect configuration into bundles, along with
the constituent loops, are shown with dashed boxes and curves,
respectively.
their length to form "bundles" [11] such that all wires in a bundle have the same
length. Thus, per-unit-length quantities can be computed for each bundle using a
2D approach. Fig. 9.2.1 illustrates the partition of an interconnect configuration
into bundles, and the constituent current loops.
9.2.1. Two-dimensional (2D) interconnect. The previous paragraph described the physical picture of the "current loops" for interconnect impedance computation in digital chips. An alternative to the "loop impedance" computed using
this approach [11] is the "partial impedance" computed using the Partial Elements
Equivalent Circuit (PEEC) approach [22]. Under PEEC, every segment of wire is
considered independent from all other wire segments, and signal and return paths
are not distinguished while building the impedance matrix. The closed path of
physical currents is imposed a posteriori during circuit simulation, via the application of Kirchhoﬀ’s laws, making all possible paths available when solving the
large linear system. Since the long distance behavior of the partial impedance decreases logarithmically with the separation between wire segments, as opposed to
the inverse power law behavior of the physical loop impedance [11], the impedance
matrix in the PEEC is dense and not diagonally dominant. In the loop impedance
formalism, mutual impedances between interconnect loops are appreciable only for
separations smaller than ten times their transverse dimensions [11] resulting in
diagonally dominant sparse impedance matrices. In terms of interconnect length,
inductance eﬀects are important when the time of flight for a signal along the interconnect length is comparable to the transition time of the logic driving the signal
[10]. This requirement translates into wire lengths longer than 100µm for on-chip
interconnects in the nanometer regime. Since the interconnect widths are seldom
larger than a few microns, and the transverse separations where mutual impedance
is important are equally bounded, it follows that for a substantial number of global
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Figure 9.2.2. Comparison of 2D loop impedance computation
with 3D computation (left y-axis) as a function of the ratio of
conductor lengths to transverse separation (L/S), in presence of a
3-layer substrate, at 100 GHz. Error (%) due to the 2D approximation is shown on the right y-axis.
on-chip interconnects a two-dimensional (2D) analysis of electromagnetic eﬀects
will suﬃce.
Fig. 9.2.2 shows that the error in loop impedance when using the 2D approximation is quite small when the conductor lengths exceed 10 times the transverse
separations between them.
A physically equivalent representation of a planar current loop is a magnetic
dipole [17], as shown in Fig. 9.2.3. Since on-chip conductors are confined to discrete metal layers in the x-y plane (neglecting vias which have small dimensions),
the current loops they form are planar, although they may have arbitrary orientations (φ). For a planar loop carrying current I, its magnetic dipole moment p� is
perpendicular to the plane containing the loop, and its magnitude is given by [17]:
|�
p| = I × LoopArea

(9.3)

Rotational symmetry allows us to choose the y-axis along the length of the wires
forming the current loop, and this dimension is omitted in the 2D treatment. p� has
horizontal and vertical components:
p� = px x̂ + pz ẑ = |�
p|[sin(φ)x̂ + cos(φ)ẑ]

(9.4)

9.2.2. Integral representation of the 2D Green’s function. Consider
two opposite currents I ŷ and −I ŷ, centered at (x� ,z � ) and separated by an infinitesimal distance a, lying above a multi-layered substrate. The two currents
constitute a ẑ-directed 2D magnetic dipole.
In the region R0 above the substrate, the corresponding ŷ-directed vector po0
tential Green’s function Gd,R
ver for a ẑ-directed unitary magnetic dipole source, with
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Figure 9.2.3. Current loop formed by two parallel current filaments carrying current in opposite directions constitutes a planar
magnetic dipole source.
I → ∞ and a → 0 such that the dipole moment |�
p| =

µ
2π (Ia)

= 1, satisfies:

� �
0
�2 Gd,R
ver (x, z, x , z ) =
�
−2π �
a
a
lim
δ(x − x� + )δ(z − z � ) − δ(x − x� − )δ(z − z � ) ; z, z � > 0
a→0 a
2
2

(9.5)

Since there are no sources inside the substrate, the Green’s function in region Ri
satisfies:
(�2 − γi2 )GRi (x, z) = 0; z < 0

(9.6)

� �
0
Gd,R
ver (x, z, x , z )
� ∞�
�
�
�
=−
e−kx |z−z | − χN (kx )e−kx (z+z ) sin(kx (x − x� ))dkx ;

(9.7)

where γi2 = jωµ(σi + jω�i ) for the ith substrate layer.
Using the Fourier transform in x and continuity of the magnetic field at the
interface boundaries between diﬀerent regions, we obtain for an N -layer substrate:

0

kz = jkx

The above dipole Green’s function expression is a sum of two terms: a primary term
corresponding to the magnetic dipole in free space, and a secondary term which is
nearly identical in form (except for the coeﬃcient χN ) arising due to reflections at
the interfaces in the substrate. While the expressions for the primary and secondary
field terms above may vary depending on the source (such as electric or magnetic
dipoles), the coeﬃcient χN always remains unaltered [7], [16], [24]. The Green’s
function for a horizontal magnetic dipole under the same boundary conditions is:
� �
0
Gd,R
hor (x, z, x , z )
 � �
�
 − ∞ e−kx |z−z� | + χN (kx )e−kx (z+z� ) cos(kx (x − x� ))dkx ,
z > z�
0
�
=
� ∞ � −k |z−z� |
�
 −
−e x
+ χN (kx )e−kx (z+z ) cos(kx (x − x� ))dkx , z < z �
0

(9.8)
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In general, χN (kx ), the term characterizing the substrate contribution for an
N -layer substrate, can be cast into the form:
χN (kx ) =

QN (kx ) − kx
QN (kx ) + kx

(9.9)

where the terms QN (kx ) depend only on the substrate properties: conductivity σ,
permittivity �, permeability µ) of each substrate layer. For the simplest case of a
1-layer substrate (N=1 ) extending to z = −∞ (occupying a half-space),
�
Q1 (kx ) = kx2 + γ12
(9.10)
The quantity γ12 = jωµ(σ1 +jω�1 ) is determined by the frequency (ω) and substrate
properties.
The expressions for QN (kx ) become increasingly cumbersome as the number of
layers increases. The corresponding expressions for two- and three- layer substrates
(the cases most often encountered) are:
Q2 (kx ) = m1 ×

(m1 + m2 )e2m1 z1 − (m1 − m2 )
(m1 + m2 )e2m1 z1 + (m1 − m2 )

1 − e−2m1 z1 q(kx )
Q3 (kx ) = m1 ×
, with
1 + e−2m1 z1 q(kx )
�
(m1 + m2 )(m2 − m3 )+

q(kx ) = �

(m1 − m2 )(m2 + m3 )e2m2 z2

(m1 − m2 )(m2 − m3 )+

(m1 + m2 )(m2 + m3 )e2m2 z2

(9.11)
(9.12)
�
�

In (9.11) and (9.12), z1 refers to the thickness of the top substrate layer and z2 the
thickness of the second substrate layer (in the case of 3-layer substrate) while the
last substrate layer extends to −∞. The coeﬃcients mi , corresponding to the ith
substrate layer, are given by:
�
�
mi (kx ) = kx2 + γi2 = kx2 + jωµ(σi + jω�i )
(9.13)

9.2.3. Discrete complex images. As described in the previous sub-section,
the dipole Green’s function expression is the sum of a primary term corresponding
to the magnetic dipole source and a secondary term arising due to reflections at the
interfaces in the substrate. While the primary term by itself is integrable and gives
rise to the field of a static magnetic dipole, analytical computation of the entire
integral is hampered by the coeﬃcient χN . The key for computing the substrate
Green’s function lies in finding a suitable approximation to χN that transforms the
secondary term into an analytically integrable form. The Discrete Complex Images
Method (DCIM) [4], [16] is used to approximate χN with a linear combination of
complex exponentials - an often favored approach for 3D problems:
χN (kx ) ≈

M
�

bj ecj kx

(9.14)

j=1

Since the exponentials in (9.14) above readily combine with those in the secondary
term in (9.7), (9.8), the substrate contribution to the Green’s function takes a form
identical to that of the source term. The sum of exponentials in (9.14) is interpreted
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Figure 9.2.4. Physical interpretation of Modified Discrete Complex Images Method.

as a series of images of the source magnetic dipole. A challenge in this approach
is to find a suitable set of ’complex images’, cj , that gives a suﬃciently accurate
Green’s function in coordinate space. The accuracy requirements are determined
a posteriori, with the computation of impedance parameters based on the Green’s
function. In 2D, the complete integrand of the term containing χN is a smooth
function of the integration variable, which simplifies the demands for high accuracy
in a parameterization of the form (9.14).
We use a simpler search that we motivate here with a new look at the form of
the dipole Green’s function (G) in the presence of a substrate. For a single-layer
substrate, with Q1 (kx ) given by (9.10), we can perform the following algebraic
replacement:
“
√ 2 2”
−2 tanh−1 kx / kx
+γ1

χ1 (kx ) = e

“
”
√
−2 tanh−1 (kx /γ1 )/ 1+(kx /γ1 )2

=e

−2 sinh−1

=e

“

kx
γ1

”

(9.15)

This alternative functional representation of χ1 (kx ) naturally leads us to a separation of the coeﬃcient 1/γ1 in the complex exponent. We preserve this coeﬃcient
and search for αk ∈ R, and αk > 0 for convergence, while we allow the coeﬃcients
βk to remain complex, thus:

χ1 (kx ) ≈

K
�

βk e−αk (kx /γ1 )

(9.16)

k=1

Pictorially, in (9.16) the k th term represents an image of the dipole current
source whose z-coordinate depends on αk , as shown in Fig. 9.2.4, while the coeﬃth
cient βk emulates the fraction
�of the incident current carried by the k image. This
interpretation results from k βk = 1 - a consequence of χ1 (0) = 1. The analogy
for βk would be exact with the added constraints βk ∈ R and βk ∈ (0, 1). However,
we do not impose these constraints to get higher accuracy. The detailed results and
implications on accuracy of impedance extraction are addressed in more detail in
the following section.
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Inserting (9.16) into (9.7) and (9.8), results in:
�
0
Gd,R
ver (x, z, z )
 −|z−z� |k

x
� ∞ e


K

 sin(kx x)dkx
�
≈−

−αk kγx −(z+z � )kx 
1 e
0
−
βk e

�

(9.17)

k=1

�
��
K
�
x
x
=−
−
βk
|z − z � |2 + x2
(z + z � + αγ1k )2 + x2
k=1

�
0
Gd,R
hor (x, z, z )
 −|z−z� |k

x
� ∞ e


K
 cos(kx x)dkx

�
≈−

−αk kγx −(z+z � )kx 
1 e
0
+
βk e

�

(9.18)

k=1

�
��
K
�
z + z � + αγ1k
|z − z � |
=−
+
βk
|z − z � |2 + x2
(z + z � + αγ1k )2 + x2
k=1

We extend this restricted search for parameters (αk , βk ) using (9.16) to 2-layer
and 3-layer substrate configurations. Hence, for the general N-layer substrate:
χN (kx ) ≈

K
�

βk e−αk (kx /γ1 )

(9.19)

k=1

and the expressions (9.17), (9.18) remain valid. The set (αk , βk ) of parameters
only depend on the substrate profile (resistivity, dielectric constant and thickness
of each layer) and the frequency of interest. The computation of these parameters
constitutes a one-time cost for a given technology, at each frequency. We can use
alternative fitting strategies, including Matlab’s built-in ’fminsearch’ and VARPRO,
to compute the approximation (9.19).
9.2.4. Three-dimensional (3D) interconnect. When the conditions for a
2D treatment are not satisfied a 3D alternative is required. This is the case for
the highly sensitive on-chip inductors which are typically designed as concentric
spirals on a single or multiple metal layers. Each inductor forms a single current
loop composed of an arrangement of segments electrically composed of several turns
in series, with the segments being quite short compared to the wavelength, λ. In
addition, the transverse separation between the segments of a loop are of the same
order as the length of the segments, while the entire object can be of the order of
λ. Such structures necessitate a 3D impedance computation.
9.2.5. Integral representation of the 3D Green’s function. In 3D layered media, the Green’s function for the vector potential can be written as a second
¯ , whose components are G , where u denotes the direction
rank tensor. Consider Ḡ
u,v
of the dipole source and v the direction of the resultant magnetic vector potential
� For the three dimensional magnetic dipole formed by two opposite currents
A.
I ŷ and −I ŷ, centered at (x� ,y � ,z � ) and separated by an infinitesimal distance a,
the magnetic dipole moment is along ẑ. The ŷ-directed magnetic vector potential
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0
� d,R
at (x,y,z) in the region above the substrate (A
z,y ) due to this magnetic dipole,
satisfies:

� � �
0
� d,R
�2 A
z,y (x, y, z, x , y , z )



a
�
�
�
δ(x
−
x
+
)δ(y
−
y
)δ(z
−
z
)−
µ
2π 
2
;
= −ŷ (Ia) ×
a
�
2π
a
δ(x − x − )δ(y − y � )δ(z − z � )
2
z, z � > 0

(9.20)

In the region R0 above the substrate, the corresponding ŷ-directed vector potential
0
Green’s function Gd,R
z,y for a ẑ-directed unitary magnetic dipole source, with I → ∞
µ
and a → 0 such that the dipole moment |�
p| = 2π
(Ia) = 1, is:
−µ
� � �
0
Gd,R
×
z,y (x, y, z, x , y , z ) =
2(2π)2
� ∞� ∞�
��
�
kx jkx (x−x� )+jky (y−y� ) � jkz |z−z� |
e
e
+ χN (|kz |)ejkz (z+z )
dkx dky ;
kz
−∞ −∞
�
kz = j kx2 + ky2
(9.21)
9.2.6. 3D Green’s function with complex images. While several techniques have been proposed to implement DCIM to approximate the 3D substrate
Green’s function [4],[8], [12],[19], [27], it has been considered a challenging task
[4], [26]. Two features have been widely mentioned in the literature as limitations
of the DCIM [4], [5]. The first is the use of uniform sampling rate in the spectral
variables kx , ky requiring either very fine sampling in kx , ky or diﬀerent DCIM
parameterizations, to capture steep variations in the fitted function χN for typical
multi-layer substrates. The second is its sensitivity to the signal frequency interval.
We found that with the constraint αk ∈ R the impedance computation did
not yield accurate results. On relaxing this constraint to allow αk ∈ C, we found
that the ’fminsearch’ algorithm in Matlab did not yield an accurate set of ’complex
images’. However, the VARPRO method once extended to the complex domain,
yields the desired level of accuracy as shown in Sections 9.4 and 9.5.
The analytical expressions for the 3D vector potential Green’s function with
complex images are simple to obtain. For example, the y-directed component of
the Green’s function for a z-directed 3D magnetic dipole in free space is known in
closed form [17]:
ree
Gd,f
=
z,y

µ
(x − x� )
4π [(x − x� )2 + (y − y � )2 + (z − z � )2 ]3/2

(9.22)

and the equivalent expression for a 3D magnetic dipole lying above a multi-layer
substrate is:
¯ d,sub (x, y, z, x� , y � , z � )
Ḡ
¯ d,f ree (x, y, z, x� , y � , z � ) +
=Ḡ

K
�

k=1

¯ d,f ree (x, y, z, x� , y � , −z � − αk )
βk Ḡ
γ1

(9.23)
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9.3. Impedance computations
The Green’s functions discussed in the previous section are solutions to the
vector potential due to a unit magnitude dipole source located at a point r�� =
(x� , y � , z � ). To compute the vector potential at any point �r = (x, y, z) due to a finite
size current loop, we can consider the finite loop as a superposition of infinitesimally
small point sources in the area occupied by the current loop, each having a loop area
1
�
�
� � �
2 (dx × dy ) and carrying current I. The co-ordinates of the source (x ,y ,z ) span
the rectangular (shaded) area shown in Fig. 9.2.3, whose extremities are defined
by (x1 ,y1 ,z1 ), (x1 ,y2 ,z1 ), (x2 ,y1 ,z2 ) and (x2 ,y2 ,z2 ). Expressing the z-coordinate of
the source in terms of x� and φ: zx� = z1 + (x� − x1 )tan(φ), the vector potential at
�r = (x, y, z) due to the finite current loop in free space is given by:
� d,f ree (x, y, z)
A
�
�
ree
d,f ree
d,f ree
= ŷ Ad,f
Gx,y (x, y, z) + AGz,y (x, y, z) + x̂AGz,x (x, y, z)

ree
where each Ad,f
Gu,v is given by:
�
ree
Ad,f
(x,
y,
z)
=
Gu,v

y2

y1

�

x2

x1

ree
Gd,f
(x, y, z, x� , y � , zx� )Idx� dy �
u,v

(9.24)

(9.25)

For the particular choice of co-ordinates used here (currents along ŷ), the term
ree
Ad,f
Gz,x = 0. As expected, the resultant magnetic vector potential is directed along
ŷ, just as the currents in the source loop. In the presence of a multi-layer substrate,
¯ d,f ree in (9.24) must be replaced by Ḡ
¯ d,sub from (9.23), which gives:
Ḡ
� y2 � x2
¯ d,f ree (x, y, z, x� , y � , z � ) · p�(r�� )dr�
� d,sub (x, y, z) =
A
Ḡ
x
y1

+

K
�

k=1

βk

�

x1

y2 �

y1

x2

x1

¯ d,f ree (x, y, z, x� , y � , z k� ) · p�(r�� )dr�
Ḡ
x

(9.26)

where zxk� = −(z1 + αk /γ1 ) + (x� − x1 )tan(φ) is the z-coordinate of the k th image
dipole, and the angle φ is shown in Fig. 9.2.3.
For filament currents, or finite cross-sections with uniform current density, the
mutual inductance between the source current loop and a victim conductor is given
by:
�
� r) · d�l/I
M = ψ/I = A(�
(9.27)
l

where d�l is the length vector for an infinitesimal element of the victim conductor,
�r is the position vector for this element, ψ is the magnetic flux generated by the
source current integrated over the surface of the victim current. The Stokes theorem
� as the circulation of A
� along the
is used to express the flux of the magnetic field B
�
boundary of the victim current and l is the contour along the conductor length. For
a victim conductor oriented along ŷ extending from (x3 ,y3 ,z3 ) to (x3 ,y4 ,z3 ), (9.27)
becomes:
�
Myd,sub =

y4

y3

� d,sub (x3 , y, z3 ) · dŷ/I
A

All the integrals shown above can be evaluated in closed form.

(9.28)

202 9. ACCURATE CALCULATIONS OF THE HIGH-FREQUENCY IMPEDANCE MATRIX
d,f ree
d,f ree
The exact expressions for MG
and MG
are:
x,y
z,y
��
�
�
�y� =y2 �x� =x2 y=y4
µ
d,f ree
d,f ree
2
MG
=
M
tan
(φ)
+
q
;
Gz,y
x,y
4π
y � =y1 x� =x
1
y=y3

µ
cos2 (φ)
=
4π


�
�
�
�y� =y2 x� =x2 y=y4
√
�
2
2
m +v −v
 cos(φ)


× 
vln| √
| + 2 m2 + v 2 − q
;

2
2
2
m +v +v
y � =y

d,f ree
MG
z,y

1

�

�

�

x� =x1

y=y3

t
v
√
zk cos(φ) m2 + v 2
m2 + v 2
u = x3 − x� ; v = y − y � ; zk = (z3 − z1 ) − (x3 − x1 )tan(φ);
q = sin(φ) zk cos(φ)tanh−1

√

t

�

+ vtan−1

t = usec(φ) + zk sin(φ); m2 = t2 + zk2 cos2 (φ)

��

;

(9.29)

In the presence of a multi-layer substrate, the mutual impedance Myd,sub for
a filament (the corresponding procedure for an interconnect comprising multiple
filaments is explained in [25]) can be reduced to a closed form quadrature when
using a linear combination of exponentials on the integrand as in 2D, thus:
d,f ree
d,f ree
Myd,sub = MG
+ MG
+
x,y
z,y

K
�

d,img
d,img
βk (MG
+ MG
)
x,y
z,y

(9.30)

k=1
d,img
d,img
d,f ree
where MG
and MG
are given by the same expressions as those for MG
x,y
z,y
x,y
d,f ree
and MG
, respectively, with the following modification to (9.29):
z,y

zk = (z3 + z1 + αk /γ1 ) − (x3 − x1 )tan(φ)

(9.31)

The results presented here are suﬃcient to compute the mutual impedance of
Manhattan interconnects of filament loops by orienting the co-ordinate axes such
that relevant conductors are parallel to ŷ. We now discuss the changes needed
to compute diagonal elements of the impedance matrix, as in computing the self
inductance of a loop, in which case the victim loop coincides with the source. Since
the center-to-center distance between the source and destination points u = x3 − x�
in (9.29) is zero, the self-inductance is computed by replacing the distance u =
x3 − x� = 0 with the geometric mean distance (GMD) [14] of the conductors. The
GMD of a rectangular cross-section conductor with respect to itself is given by
elog(w+t)−3/2 [14]. The self impedance is then given by Zself = Rself + jωMself ,
where Rself = ρL( ws 1ts + ws 1ts ) is the static resistance of the signal line (s1 ) and
1 1
2 2
return path (s2 ) of the loop (ws1 , ws2 are widths and ts1 , ts2 are the thicknesses of
the conductors).
9.3.1. Non-Manhattan interconnects. Besides Manhattan interconnects,
it is of primary interest to compute the impedance of inductors, which may comprise
conductor segments inclined at arbitrary angle θ. In this case, we choose a coordinate system that aligns the source current loop with ŷ. For the victim conductor
extending from (x3 , y3 , z3 ) to (x4 , y4 , z3 ), the x-coordinate can be expressed in
terms of its y-coordinate as: xy = x3 + (y − y3 )tan(θ). The mutual impedance is
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then given by (9.32). For conductor loops in the x̂ − ŷ plane (φ = 0), the integral in
(9.32) also leads to closed form quadratures, albeit the resulting expression is too
long to be included in this chapter.
Mθd,f ree =

� y4
µ
Iy dy;
4π y3
�
�

Iy = cos(φ)  −sinh−1
�

+ sin(φ)  tan−1

�

y − y�
�
(xy − x� )2 + (z3 − zx� )2

��x� =x2 y� =y2
x� =x1

(xy − x� )(y − y � )(z3 − zx� )−1
�
(xy − x� )2 + (y − y � )2 + (z3 − zx� )2

xy = x3 + (y − y3 )tan(θ)



(9.32)

y � =y1

��x� =x2 y� =y2
x� =x1



;

y � =y1

9.4. Least square fits for multi-layer substrates
The modified discrete complex images approximation [25], shown in (9.16), allows us to represent the eﬀect of the substrate as the combined eﬀect of a series
of images of the source magnetic dipole. The advantage of this representation is
evident from the convenient analytical expressions for mutual impedance shown in
the previous section. The accuracy of this approximation is the key element for
computing the eﬀect of substrate eddy current eﬀects on interconnect impedance.
For simpler 2D interconnect configurations we compute the discrete complex images
with αk ∈ R, βk ∈ C, using Matlab’s built-in function ’fminsearch’ with reasonable
accuracy. In the general 3D case, when the current loops are wide, and the transverse separation of a signal line from its return path is much larger than the height of
the interconnects above the substrate, the eﬀect of the substrate is much more pronounced. The need for higher accuracy in such cases dictates that αk ∈ C, resulting
in a larger set of unknown parameters. In this case, the ’fminsearch’ algorithm does
not yield good results. The Variable Projections algorithm [13], on the other hand,
inherently reduces the number of unknowns in the least square fit and provides a
much better approximation with reasonable computation time. The VARPRO algorithm combined with the modified DCIM, which provides a good initial guess for
the non-linear parameters in the exponents, extends several desirable properties to
the exponential fits as shown below. In the following paragraphs we first describe
the basic principle of the VP algorithm and then outline the procedure for obtaining
accurate complex image approximations for multi-layer substrates employing this
algorithm.
9.4.1. Variable Projection method for non-linear least squares fitting. The search for an accurate set of images (αk , βk ) for a particular substrate
configuration at frequency ω constitutes a non-linear least squares problem - we
seek values for αk and βk so as to minimize the sum of the squares of the discrepancies between the right and left hand sides of (9.16), for all values of the Fourier
transform variable kx ∈ (0, ∞). Exact expressions for χN (kx ) (subsequently referred to simply as χ, for conciseness) are known [25], in terms of kx , for each
frequency. Hence, for a set of J observation points in (0, ∞), we have a vector of
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observations {kxj , χj ; kxj ∈ (0, ∞)} as the input data set to the following non-linear
least squares problem:
�K
�
J
�
��
�2
minβ,α
βk φ(αk , kxj ) − χj
(9.33)
j=1

k=1

αk and βk are the parameters to be determined such that the discrepancy of the
model βk φ(αk , kxj ) with respect to the complex observations χj is minimized.
Since this is a non-linear non-convex problem in general, it can have multiple
solutions. Writing the J ×K matrix {φ(αk , kxj } as Φ and the vector of observations
{χj } as x, the vector residual in (9.33) is concisely represented as:
r2 (α) = Φ(α)β − x

(9.34)

β = Φ+ (α)x,

(9.35)

Now, for each fixed value of α, (9.34) is a linear least squares problem, whose
solution can be explicitly written as:
where Φ+ (α) is the pseudo-inverse of Φ. Replacing this expression in (9.33), the
original non-linear least squares problem becomes:
�
�
minα || I − Φ(α)Φ+ (α) x||
(9.36)

†
Since I −Φ(α)Φ+ (α) = PΦ(α)
is the projector on the subspace orthogonal to the
column space of Φ, (9.36) has been called the Variable Projection (VP) functional.
An obvious gain by this procedure, as opposed to the initial problem, is a reduction
in the number of variables, since the linear parameters (βk ) have been eliminated
from the problem.

9.4.2. Complex images using Variable Projection algorithm. The VP
algorithm described above is applied to solve the non-linear least squares problem
to determine the complex images in terms of the best fit parameters αk and βk .
We allow values (αk , βk ) ∈ C. To ensure a good fit, the VP algorithm
naturally
�
satisfies the requirements that Re(αk ) > 0 (for convergence) and k βk = 1 (which
is a property of the input data, χ). Fig. 9.4.1 shows the fits for a single layer
(N = 1) substrate. Before the VP algorithm is applied to solve the non-linear least
squares problem, two choices must be made: the number of exponentials (K) in
the model (the number of complex images), and the initial values for the non-linear
parameters αk .
In general, increasing the number of images improves the accuracy of the approximation, while simultaneously increasing the cost of computation. However,
we find that the choice of initial values for the parameters αk has a much greater
bearing on the accuracy of the approximation than the number of images. As
explained in the previous sub-section, the Variable Projection method eliminates
the need to guess initial values for the linear parameters βk . We are interested in
complex image representations of the substrate over a wide range of frequencies
(20-100 GHz). Since we expect from the modified DCIM that the exponential parameters lie in the vicinity of the complex number 1/γ1 [25], we start at one end
of the frequency spectrum (say 100 GHz) using random values between 0 and 1 as
initial guesses for αk . The best fit values for αk obtained from the VP algorithm at
this frequency are used as the initial guess for an adjacent frequency point. Since
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χ is a smooth function of ω, the best fit values for αk obtained from the VP algorithm at this frequency provide a good initial guess for the parameters at the
next adjacent frequency, as long as the next frequency point is close enough to the
first. This strategy of "continuation" in frequency is applied progressively over the
entire frequency range of interest. If the desired level of accuracy is not achieved
for all frequency points, this process should be repeated across the frequency range
by choosing as initial values the parameters at the frequency point with minimum
residual error. This procedure is summarized in Figure 9.4.2.
The residual errors and the computation time to perform the fit (9.19) is shown
in Fig. 9.4.3, as a function of the number of complex images. Our algorithm results
in a fit that is smooth as a function of frequency, in terms of the residual error
of the fit (Fig. 9.4.4). Finally, Fig. 9.4.5 shows the error in the Green’s function
computation using the simplified discrete complex images approximation, for a large
number of randomly generated technology parameters.
9.5. Impedance computation results
In this section, we show results of the impedance extraction method that incorporates the discrete complex images for a multi-layer substrate computed using
the VARPRO algorithm. Through comparisons with electromagnetic field solvers,
we demonstrate the accuracy as well as computational eﬃciency of the proposed
method.
9.5.1. 2D interconnect structures. Fig. 9.5.1(a) plots the self-impedance
and the mutual impedance of two conductor loops on diﬀerent metal layers with
a vertical separation of 1µm, while Fig. 9.5.1(b) plots the error in the computation with respect to the magneto-quasi-static (MQS) electromagnetic field solver
FastHenry [18]. The dashed lines in Fig. 9.5.1(b) show the significant error in
impedance if the substrate were to be neglected - as much as 20% at 100 GHz.
It is found that the proposed method captures the eﬀect of the substrate on interconnect impedance with high accuracy (solid lines show errors less than 2%) in
the entire frequency range of interest for digital circuits. Note that in this and

Figure 9.4.1. Approximation of the Real and Imaginary parts
of χ1 using our exponential fits with K = 20, for a single-layer
substrate ρ = 1Ohm − cm, in comparison with numerical computation.
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Figure 9.4.2. Algorithm flowchart for computing complex images approximation using Variable Projections.

Figure 9.4.3. (a) Residual error (normalized to the error using
2 images), and (b) computation time, as a function of the number
of complex images, for a 1-layer substrate at one frequency point
(90 GHz).
all subsequent experiments, the conductors are always discretized into filaments to
capture non-uniform current distribution within the conductors.
We now compare the network Z-parameter (Zin ) for a conductor loop, to that
obtained from the commercial full-wave field solver, HFSS [1]. The Zin parameter
is computed by using a Spice distributed transmission line model, wherein the
resistance and inductance per unit length are computed by using our method, and
the capacitance is obtained from FastCap [20]. The geometry simulated with HFSS
is shown in Fig. 9.5.2 (inset).2 The results of the comparison are shown in Fig. 9.5.2.
The maximum error observed in the magnitude of Zin for this configuration is less
than 2%. Note that for frequencies beyond 60 GHz the results from HFSS become
unstable for the configuration shown.
2 The conductor loop is closed by including additional metal strips at the far and near ends
of the loop. The eﬀect of the additional metal is insignificant since the length of the conductors
is much larger than the transverse separation between them. A small gap (0.2µm) is left at the
near end where a lumped port excites the conductor loop.
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Figure 9.4.4. Residual error (normalized to the error at 20 GHz)
in the sum of complex exponentials fit for a 3-layer substrate with
5 complex images, as a function of frequency.

Figure 9.4.5. Error in the co-ordinate space representation of the
dipole Green’s function computation using 5 images, with respect
to numerical computation for a 3-layer substrate. Monte Carlo
simulations are done for: frequency 20 to 100 GHz, z-separation
0.5 to 1.0 µm, x-separation 0.5 to 10 µm.
Fig. 9.5.3 shows a long Manhattan wire with orthogonal segments running on
adjacent metal layers M10 and M11, along with a regular grid of ground wires. Each
segment of the signal line is routed in close proximity to a segment of the ground
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Figure 9.5.1. (a) Self and mutual impedance for two conductor
loops lying on diﬀerent metal layers above the three-layer substrate, as a function of frequency. (b) % error in magnitude of
impedance using our method in comparison with FastHenry (solid
lines), and the error in impedance if the substrate was to be neglected (dashed lines).

grid on the corresponding metal layer - a common design for timing-critical global
interconnects to control inductive eﬀects. The mutually perpendicular segments of
the Manhattan wire are decoupled (for example, segments AB and BC). On the
other hand, the mutual impedance between far apart parallel segments AB-CD (or
between BC-DE) can be neglected because of the large separation (100µm−200µm)
between them. Hence, we can separately apply our approach to each linear segment
(AB, BC, CD and DE, respectively) to obtain the impedance of the Manhattan wire.
As shown in Fig. 9.5.3 our results have a maximum error about 2% over the entire
frequency range of interest.
Further experiments using Monte-Carlo simulations for a large number of randomly generated interconnect geometries for global wires at the 45 nm node [2]
over a wide range of frequencies show a maximum error of 2.3% (Fig. 9.5.4).
With prevalent methods for interconnect impedance computation that are based
on the free space Green’s function, for example FastHenry, the substrate layers must
be included as explicit conductors. At relevant high frequencies, these layers must
also be discretized into a large number of filaments (in addition to the interconnects) to capture the substrate eddy currents for a general interconnect configuration. The use of such methods is thus limited to relatively small structures such
that the size of the resulting linear system including the multi-layer substrate does
not overwhelm available memory. Our method for impedance computation is based
on analytical expressions for the substrate Green’s function, wherein the substrate
boundary conditions are implicit. The only filaments that need to be considered in
the solution are those corresponding to the interconnects themselves.
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Figure 9.5.2. Impedance (Zin ) of the one-port network formed
by a closed conductor loop (shown in inset) above a 3-layer substrate, compared with HFSS [1]. The indexmagneto-quasi-static
magneto-quasi-static impedance obtained using our method is
combined with capacitance from FastCap (FC) [20] using a transmission line model in Spice to obtain the Zin parameter. Conductor width 1µm, thickness 0.5µm, each sub-divided into 15 filaments
for impedance computation.

Figure 9.5.3. Impedance of a Manhattan interconnect laid out
on metal layers M10 (blue) and M11 (orange) above a 3-layer substrate. A grid of ground wires provides nearby return paths to each
wire segment. Interconnect geometry parameters are as per global
wires at the 45 nm node [2].
Fig. 9.5.4(b) shows the speedup in self-impedance computation using our
method with respect to a standard MQS computation where the substrate is represented using 2D filaments, as observed from Monte-Carlo simulations on a large
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Figure 9.5.4. (a) Error in loop self impedance computation with
respect to FastHenry, and (b) speedup in runtime with respect to
a MQS computation with the substrate represented as 2D filaments, during Monte Carlo simulation of several randomly generated conductor configurations according to the following parameters: Frequency 20-100 GHz, pitch 2-8 µm, wire width 1-2 µm,
height above substrate 1.5-2.2 µm (corresponding to metal layers
M10 through M12). Interconnect geometry parameters correspond
to global wires at the 45 nm node [2].

number of randomly selected interconnect geometries. In these experiments, our
method is found to be at least 15 times faster. In the 2D MQS computation, the
substrate must be discretized into a suﬃcient number of thin filaments so as to ensure that the filament cross-sections are smaller than the skin depth at the specified
frequency. As a result, when the thickness of the low-resistivity top layer of the
substrate increases to a few µm [3], the computation cost increases substantially
due to the larger number of filaments required. On the other hand, with our method
a change in the substrate layer thickness only demands evaluation of a new set of
substrate images while the impedance computation cost remains constant. As a
result, Table 1 shows orders of magnitude improvement in computational eﬃciency
by using the analytical Green’s functions.
9.5.2. 3D interconnect structures. Fig. 9.5.5(a) shows the computation
for a single-turn square inductor configuration composed of two orthogonal loops
(loop−x and loop−y, shaded with diﬀerent colors). In this case, the net impedance
Z of the square is given by a series combination of the two loops. Note that
orthogonal loops have no mutual impedance. The results are plotted separately
for the real and imaginary parts of Z. As frequency increases, the deviation in
the plots with and without the substrate shows the significance of the substrate
eddy current eﬀects. Our computation agrees well with FastHenry over the entire
frequency range, with a maximum error in |Z| of less than 2%.
To compare our results with the input impedance for the interconnect structure obtained from the full-wave field solver HFSS [1], the capacitance (frequency
independent) is extracted separately using FastCap [20]. Fig. 9.5.5(b) shows the
network input impedance (Zin ) for the single-turn square inductor (found by simuR
lating the circuit shown using HSPICE�),
in comparison with the result obtained
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Table 1. Computation cost for self impedance extraction of a
2-conductor loop over a 500µm wide 3-layer substrate, each conductor 1µm wide and 0.5µm thick, at 100 GHz. Substrate profile
is shown in Fig. 9.5.2. z1 : thickness of top substrate layer; Fcond :
number of filaments per conductor; Fsub : number of filaments for
substrate; Ti : time to compute images (one time cost); TZ : time
to compute impedance.
z1
1µm
2µm
3µm
4µm
5µm

Substrate representation
2D filaments
Analytical Green’s function
2D filaments
Analytical Green’s function
2D filaments
Analytical Green’s function
2D filaments
Analytical Green’s function
2D filaments
Analytical Green’s function

Fcond
15
15
15
15
15
15
15
15
15
15

Fsub Ti (s)
1323
0
90.6
1952
0
107.1
2581
0
166.9
3829
0
75.2
4468
0
146.8

TZ (s)
110.2
< 1 sec
313.7
< 1 sec
821.5
< 1 sec
2816
< 1 sec
4522
< 1 sec

from HFSS. In this case, the maximum error in |Z| is less than 3%, with some discrepancy in the real part of Z beyond 60 GHz due to corner eﬀects not incorporated
in our method, and the MQS approximation.
The time taken for relevant parts of the impedance computation are shown in
Fig. 9.5.6. Evidently, our code takes a fraction of the time taken by FastHenry
for the MQS computation, This is despite the fact that FastHenry uses an accelerated method with O(N logN ) complexity for solving the linear system, while
we use a direct method with O(N 3 ) complexity. This leaves significant room for
further improvement in runtime by the use of accelerated methods to solve the
linear system, although these are not discussed here. In comparison with the fullwave field solver, our method gives almost an order of improvement in runtime
for impedance computation at each frequency point (not including the runtime
for calculating the complex images corresponding to the substrate profile once per
technology generation, capacitance extraction once per interconnect geometry, and
R simulation to compute Zin ).
for HSPICE�
Fig. 9.5.7 shows the impedance computation for a 3-turn spiral inductor, where
each turn is a square. In this case, the self impedance of each turn is computed
as explained in Fig. 9.5.5(a). In addition, the mutual impedance between all the
turns need also be considered. The mutual impedance computation between parallel
two-conductor loops has been derived in Section 9.3, while the mutual impedance
between perpendicular loops is zero.
Finally, Fig. 9.5.8 shows the impedance of a 3-turn spiral inductor where each
turn is an octagon. In this case, each octagon is composed of four loops: one
each oriented along x̂ and ŷ, and two others inclined at 45◦ angles to each of
these. While the mutual inductance between mutually orthogonal loops is zero,
that between inclined loops must be computed as per (9.32). The maximum error
in computing the magnitude of impedance |Z| for this inductor using our method
is 3% with respect to FastHenry.
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9.6. Conclusions
In this chapter we have analyzed a computational problem of significant relevance to the analog integrated circuit design community. For wireless chips used in
automotive sensors, digital radios and other high frequency devices, great care is
needed to design accurate multiple inductor structures that show up in low noise
amplifiers and other design components. The palette of tools available to the designer are three-dimensional Finite Element (time domain or frequency domain)
electromagnetic solvers, whose capacity and CPU cost limit the broadband simulations of critical passive components. We have presented a system level approach
based on analytical expressions for filling up the impedance matrix of the system for
a broadband spectrum extending from near DC to 100 GHz. In doing so, we have
restricted our attention to the most significant and computationally most expensive
phenomena - those associated with the multi-layer substrate in the upper part of
the frequency spectrum. We have demonstrated that the extension of VARPRO to
complex non-linear parameters permits accurate fits of the reflexion coeﬃcients
for complex layered substrate configurations that are common in Silicon-based
nanometer integrated circuit technologies. The fits involve a linear combination
of complex exponentials with a small number of non-linear parameters. The fits
at diﬀerent frequencies involve solving separate non-linear optimization problems.

Figure 9.5.5. (a) Impedance of a single-turn square inductor as a
function of frequency, with (solid lines) and without (dashed lines)
the substrate, in comparison with FastHenry. (b) Input impedance
network parameter Zin for a square interconnect loop above a 3layer substrate, as a function frequency, in comparison with HFSS
[1]. Zin is computed from the equivalent circuit shown above,
using Spice, where the impedance (R, L parameters) are computed
using our method and the capacitance elements are obtained from
FastCap [20]. Substrate profile is the same as in Fig. 9.5.2.
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Figure 9.5.6. Time taken for MQS impedance computation using FastHenry and our method, and full-wave computation using
HFSS, at 100 GHz, for the example shown in Fig. 9.5.5. For
our method, the time taken for the two steps - populating the
impedance matrix and solving the corresponding linear system - is
also shown separately.
The smoothness of the solution space, as indicated in Figures 9.4.3(a) and 9.4.4,
guarantees the robustness of the approach. The chosen functional form ensures a

Figure 9.5.7. Impedance of a three-turn square inductor as a
function of frequency, with and without substrate, in comparison
with FastHenry. Substrate profile is the same as in Fig. 9.5.2.

Figure 9.5.8. Impedance of a three-turn octagonal inductor as
a function of frequency, with and without substrate, in comparison
with FastHenry. Substrate profile is the same as in Fig. 9.5.2.
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closed-form solution for the impedance matrix, which is related to the initial fit
through a two-dimensional Fourier transform followed by a three dimensional integral over the coordinates of the conductors. It is altogether remarkable that for
the physical conductors with rectangular cross sections and otherwise complex geometrical paths, as in for example in the case of general planar inductors, one can
reduce the overall result to tractable analytical computations. The computational
advantage of this analytical method over an electromagnetic field solver is evident
from the analysis of Manhattan and non-Manhattan interconnects and inductors.
From an accuracy perspective, the relatively lower sensitivity of impedance of twodimensional structures to the accuracy of the fits for the reflection coeﬃcient allows
the use of simpler fitting algorithms than VARPRO. However, for three-dimensional
structures where the sensitivity of the impedance to the accuracy of the reflection
coeﬃcient fits is large, VARPRO plays an important role in achieving the requisite
levels of accuracy that cannot be achieved using alternative methods. With the increasing demand for complex wireless applications beyond 60 GHz frequency based
on Silicon technologies, our eﬃcient and accurate method oﬀers a valuable solution
for enabling designs in this frequency domain.
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