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ABSTRACT
We present an automatic blocking algorithm for some medium size nonlinear least squares
problems that arise in the inversion of travel time data in geophysics. This blocking leads to a
nonlinear Gauss-Seidel type iteration which can be distributed to a network of computers. The
low dimensional blocks are also amenable to global optimization methods which leads to further
paralellization. All this is necessary because the original problem is generally non-convex, illconditioned, with a goal functional that is very expensive to evaluate.

1 INTRODUCTION
The inversion of geophysical data is fraught with difficulties. Large scale problems with
expensive to evaluate functionals combine with ill-conditioning, leading to poorly determined
response surfaces, where conventional hill descending algorithms flounder by getting trapped
in sub-optimal local minimae.
Although it is natural to think about global optimization techniques to try to tackle some
of these difficulties, the high dimensionality of the parameter spaces involved precludes this
approach, at least with conventional methods.
In this work we present a first step towards the extension of some global optimization techniques to medium and high dimensional problems. We use as a basis for further development
our previous work in the area [6, 7, 8, 9, 10].
The main idea is to convert the problem into block form and then use a chaotic nonlinear
Gauss-Seidel type iteration, where the block solves can be run asynchronously in parallel. This
will require then only the solution of problems with the size of the diagonal blocks.
If we insist that the number of parameters in each block be small, then distributed global optimization techniques can be applied at the block level. Also, the partitioning can be guided by
regularization considerations, and if done appropriately, will have the added bonus of producing
well conditioned blocks.

2 BACKGROUND
We consider a nonlinear least squares optimization problem g(x), where x
are the unknown parameters, and g = {gi}s=i,..., is the mathematical model to be fit to the
observations d =
0-8194-1282-1/93/$6.00
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d — g(x) be the residual vector at x. The nonlinear least squares problem consists

Let

of

rninJIEII.

(1)

If we linearize the problem around a nominal x we can write:
g(x + Sx) = g(x) + J(x)Sx + 'R.(g, Sx),
where J(x) is the M x N Jacobian matrix:

and R. consists of terms of higher order in Sx.
A correction to x can be calculated by solving the linear least squares problem:

mmii f—J8x f
The solution of minimum norm can be written as:

Sx =
where J+ is the pseudoinverse of J.

The Singular Value Decomposition (SVD) of J is:

J = USVT,
whereS=diag(.s1),
We can write,

=
where

u, v are the columns of U and V respectively.

Also,

= VS+UT,
where

>o
+_—Si+f—li/si,
s=O•
O

Thus,

J+ =

slv.uT

Writting k = s/s for the normalized singular values, and K = diag(k2), we define
Sp

= .siVTSx.
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Then,
Sg

JSx = USVTSX = (UK)Sp = JSp =

(2)

and

Following Jupp and Vozoff [3}, we can see that the sensitivity of the model to changes
in the parameters is controlled by the components of the rows of VT associated with the
largest singular values. Or, going in the opposite direction: the most relevant parameters in a
neighborhood of x are those associated with the largest products (sv).

3 CONVERSION TO BLOCK FORM
We assume that there is an a priori natural partition of the observations. For instance,
in a multi-shot three-dimensional seismic survey, from which we intend to get images of the
sub-soil by inverting travel time picks, it would be quite natural to separate the observations
by grouping the arrivals corresponding to individual shots.
Let then d1 be the observations corresponding to the £th block, and let m be the dimension
of d, for 1= 1, ..., L.
Let g be the subvector of g of dimension mt that matches the observations of block 1. Then,
the nonlinear least squares residual vector can be written as:
E(x) = {Et(X)} = {dt — gt(x)}

and the least squares functional is:
M

E(x) =M Ct(X) II.

We linearize each one of the block functionals and perform an SVD of the Jacobian at a
reference parameter set. Let j(t) be the mt x n Jacobian matrix corresponding to the £th block,
and let

j(t) = U&)S(t)V(t)T
be its Singular Value Decomposition.

Let V()T = S(L)V&)T. VT is the matrix of right singular vectors, scaled by the singular

values. From the previous section, we know that this is the key to identifying the most relevant
parameters in each block. In order to control the conditioning of the resulting matrix we also
put a cap on the condition number by selecting only the first rows of V(t)T, i.e. those for which
the singular values satisfy:
\, > 1/k,
(3)
where is a given bound on the condition number. Let i be the largest index for which (3) is
satisfied.
194 ISPIE Vol. 2033
Downloaded from SPIE Digital Library on 09 Jun 2011 to 171.66.161.106. Terms of Use: http://spiedl.org/terms

For each column of r()T we calculate

vm = r=1.f

(T

Given a minimum level vlev, we assign to block £ the variable s if

v1-n vlev.
This will not only separate the variables into subsets with indeces J, but combined with
k, vlev will act as a regularization parameter. A larger vlev implies a better conditioned
problem.
Observe that the groups of variables chosen in the above fashion can overlap. Also, some
variables may not be assigned to any group, if vrn < vlev, for all t. These variables will remain
undetermined since they are not explained by the data at this regularization level.
Observe further that the number of columns in each block can be regulated by changing
vlev: a larger value implies smaller blocks. Also, because the rows of V are normalized by
scaling with the singular values, we will automatically select parameters based on the largest,
and thus most significant singular values.

4 SEQUENTIAL BLOCK NONLINEAR GAUSS-SEIDEL ITERATION
Having partitioned the problem in blocks we can define the sequential nonlinear Gauss-Seidel
iteration for solving the least squares problem (1); given x*, the current value of the parameter
vector:
i) For k = 1, .. ., ITMAX do

Fort=1,...,Ldox=x,jJt

mm

X) , EJ1

!(t)(x)

(4)

ii) Update x by replacing the components x, j J with the optimum value from (4).
end do £

iii) if
end do k

lI= E II f(t)

II

eps

stop

5 ASYNCHRONOUS BLOCK NONLINEAR GAUSS-SEIDEL ITERATION
Chazan and Miranker introduced in 1969 [2] the idea of chaotic relaxation for the iterative
solution of systems of linear equations. This was extended to the nonlinear case by Miellou
[4,5].
The purpose of chaotic relaxation is to facilitate the parallel implementation of iterative
methods in a multi-processor system or in a network of computers, by reducing the amount of
communication and synchronization between cooperating processes, and also by allowing that
assigned sub-tasks go unfulfilled.
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This is achieved by not requiring that the relaxations follow a pre-determined sequence of
computations, but rather the different processes start their evaluations from a current, centrally
managed value of the unknowns.
In [1] Baudet defines the class of asynchronous iterative methods, and shows that it includes
chaotic iterations. We paraphrase a somewhat more restricted definition for the case of nonlinear
optimization that concern us. Although Baudet's method will apply directly to calculating the
zeroes of the gradient of the goal functional, but we prefer to describe the method directly in
the optimization context in which it will be used.
Definition Let q(x) =
ç5(x) be a nonlinear functional from 7 to R. An asynchronous
iteration for calculating minx çb(x) starting from the vector x(°), is a sequence x(c) defined

>

recursively by:

x=argminç(x) if jEJ1f,
subject to x = ck_1)
where J are subsets of integers in [1 , nJ.

The initial vector for the tth minimization is x = (xi(si(k)), ..., x(s(k))), where J =

{ji(k), ...,j(k)} is a sequence of elements in N. In addition, the following conditions should
be satisfied:
S

j2(k) k—1

S

j2(k)

— , as j —*

These conditions guarantee that all the variables are updated often enough, while the formulation allows for the use of updated subsets of variables "as they become available". Baudet
{1} gives sufficient conditions for the convergence of this type of process.

6 A NUMERICAL EXAMPLE
We consider a small seismic reflection survey consisting of four shots and a 21 x 21 receiver
set. The objective of the inversion is to recover a reflector at a depth of approximately 5 Kft
by using a set of travel times interpreted as PP primary reflections from that interface.
The reflector is parametrized by a 4 x 4 set of bicubic B-splines:

S(x,y) =
i,j=1

The target surface is defined by:

=

B(x)B(y)

5676
5776
5676
6666

which are uniformly spaced in the square [0, 10] x [0, 10] (units are Kilofeet).
The velocity of propagation of P-waves in the layer between the free surface and S is constant:
v = 3.0 Kft/.sec, and assumed known. A total of 1386 travel times were generated by running
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a ray tracing code in order to provide a controlled synthetic data set. We took as an initial
model one with the correct velocity but with S replaced by:

4 5.2 6 6
4

vo=

665
65

55 55

that underestimates the depth of all control vertices by about 20 %, with the exception of V14,
that we set to its exact value since it cannot be determined by this data set.
We first run our automatic blocking procedure, subdividing the observations into those
corresponding to the individual shots. Taking vlev = 0.24 and Ic = 10 produces the following
blocking of the unknown parameters:
block parameters
1

2
3
4

1234567810

356789101112
1112141516
1213141516

We pass this information to a sequential block nonlinear least squares Gauss-Seidel code,
which produces after eight full sweeps the following set of control vertices:

=

5.00275 5.99773 7.00707 5.98604
4.99789 7.00016 6.99852 6.00598
5.00335 6.00029 6.99823 5.99801
5.98851 6.00179 5.99973 6.00231

A history of the evolution of the total rms is given below:

Sweep

Total rms

1

0.118
0.0204
0.0059
0.0019
0.00095
0.00054
0.00055
0.00035

2
3

4
5
6
7

8
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